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Abstract 

A 5 - dimensional gravity theory, motivated by the brane world pictnre, 
with factorisable metric and with the Kaluza scalar 6*55 (r), is shown to give 
rise to a positive contribntion to the Raychandhnri equation. This inhibits 
the focusing of geodesics and possibly cause non - focusing of the geodesics. 
This feature is translated into the situation in which the universe has inhnite 
age and hence no beginning, avoiding the big bang singularity. 
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1. Introduction 


One of the basic questions in cosmology is whether the universe had a 
beginning or has existed eternally. The Standard Cosmological Model based 
on Einstein’s theory of gravitation implies that the universe began with a big 
bang singularity. Within the framework of Einstein’s theory, the above sin¬ 
gularity cannot be avoided. This can be understood, for instance, by the use 
Raychaudhuri equation [1] which in the absence of torsion exhibit focusing 
of geodesics converging to the big bang singularity [2]. In order to avoid this 
singularity, one has to go beyond Einstein’s theory of gravitation. This has 
been investigated in the brane world scenario and the recent studies indicate 
possible avoidance of the big bang singularity [3,4,5]. Studies in String The¬ 
ory motivated non singular cosmology [6,7] avoid the big bang singularity as 
well. Ellis and Maartens [8] and Ellis, Murugan and Tsagas [9] proposed the 
emergent scenario in which the universe stays in a static past eternally and 
then evolves to a subsequent inflationary era, suggesting that the universe 
originates from Einstein static state rather than a big bang singularity. An 
emergent scenario has been made possible in the modihed theories of gravity 
such as f{R) gravity, loop quantum gravity [10] and in Einstein - Cartan 
theory [11]. These studies motivate the consideration of higher dimensional 
gravity as a possible candidate for avoiding the singularity. Further motiva¬ 
tion is provided by the trace anomaly of Conformal Field Theory dual to a 
5 - dimensional Schwarzschild AdS geometry [12] in which {H being the 
Hubble parameter) terms are present in the equation for H and which leads 
to an inhnite age of the universe, avoiding the singularity. Similar resolution 
of the singularity comes from the corrections to Raychaudhuri equation in the 
brane world scenario [13], in the approach using the ’generalized uncertainty 
principle’ of quantum gravity [14] and in the quantum corrected Friedmann 
equations from loop quantum black hole’s entropy - area relation [15,16]. 

While a theory of quantum gravity is far from being realized, quantum 
corrected Raychaudhuri equation has been proposed by Das [17] and this 
was the basis to obtain the corrected Friedmann equation for H by Ah and 
Das [18] which allow the avoidance of the big bang singularity and predict¬ 
ing inhnite age for the universe. The said corrections to the Raychaudhuri 
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equation cause defocussing of the geodesics thereby avoiding the singularity. 

From the above studies, it is clear that in order to avoid the singularity, 
one needs to modify gravity such that defocussing of the geodesics occurs. 
One way to modify Einstein’s theory of gravity is to consider Eve dimen¬ 
sional gravity without electromagnetic helds, a minimum modification. This 
modification is motivated by the brane world scenario. 

A direct way to understand the possible avoidance of big bang singularity 
is to consider the Raychaudhuri equation. This equation in 4 - dimensional 
gravity is ^ where 0 = 

characterizing the volume of the collection of particles with 4-velocity 
as they fall under gravity, is the symmetric tensor representing the 
shear, is the antisymmetric tensor representing the vorticity and the last 
term vanishes on acconnt of the geodesic eqnations. The vorticity 

causes expansion while the shear contraction. In the absence of vorticity, the 
geodesics contract or focus causing the nniverse to have a beginning a hnite 
time ago, creating the big bang singnlarity [2]. One could obtain solntions 
with shear and no vorticity; but not with vorticity and no shear [19] in 
Einstein’s theory. The singnlarity theorems of Penrose and Hawking use this 
feature to state that there is an inevitable spacetime singularity [2, 19]. 

Thus, attempts to avoid the singularity require either use of complicated 
held theoretic models of matter or modihed gravity. The quantum correc¬ 
tions to the Raychandhnri eqnation in [13,14,17] exactly do this, preventing 
focusing of geodesics. This featnre in cosmological considerations led to the 
avoiding of the big bang singularity with the universe without a beginning. 

It is worthwhile to examine whether the non - focusing of the geodesics 
could emerge classically in higher dimensional gravity with minimnm mod¬ 
ifications. The aim of this paper is to show non - focusing of geodesics by 
considering gravity in 5 - dimensional Kaluza theory with non - compact fifth 
dimension - a minimal modihcation of the gravity. In Section.2, we show this 
by considering static and spherically symmetric space time. The ’55’ part 
of the 5-dimensional metric, a 4-dimensional scalar, is responsible for the 
non-focusing featnre. In Section.3, we consider the corrected Raychaudhuri 
equation in cosmological context and show that the universe is without be- 
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ginning, consistent with the non-focusing of the geodesics in Section.2. 


2. Corrected Raychaudhuri Equation from 5-d Gravity 


We consider gravity in 5 - dimensional spacetime as in Kaluza - Klein 
theory with non - compact hfth dimension. There are no U{1) gauge helds. 
The factorisable metric chosen corresponds to 


{dsY = dx^dx" — G55 {dx^Y, (1) 


where is the 4-dimensional metric and G 55 = G 55 (r);r^ = x"^ + y'^ + 
the Kaluza scalar. A remarkable consequence of this metric is that 4 - 
dimensional geodesic equation has an acceleration term due to G 55 (r), namely 


d'^x^ ^1, dx^ dx^ 

ds ds 


1 

2 G'is 


g ^^ (c^aCss) , 


( 2 ) 


where a is a constant along the geodesic [ 20 ], consequence of the independence 
of the metric components in (1) on x^. The occurrence of the acceleration 
term (right side in (2)) in 5 - dimensional Kaluza - Klein theory has been 
realized by Schmutzer [21], Kovacs [22], Gegensberg and Kunstatter [23], 
Mashhoon, Liu and Wessen [24], Wessen, Mashhoon, Liu and Sajko [25] and 
in the brane world scenario by Youm [26]. The author studied the effect 
of this acceleration to restore causality in brane world [27] and to cause 
’expansion’ of the geodesics in the Raychaudhuri equation [28]. 


The Raychaudhuri equation coming from 5 - dimensional gravity in 4 - 
dimensional spacetime, describing the evolution of a collection of particles 
following their geodesics, is given by 

0 = —2cj^-|-2a;^ -^{pc^ + 3p) + (3) 

where 2a'^ = 2 a;^ = , p and p are the density and 

pressure in the collection of particles. The subscript ; stands for covariant 
derivative. For simplicity the cosmological constant A is set to zero. We have 
considered the 4 - dimensional Raychaudhuri equation as the 5 - dimensional 
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theory is written in terms of 4 - dimensional quantities. This has the factor ^ 
in front of 0^ instead of In (3), the last term involves the pos¬ 

sible acceleration (orthogonal to u^) of the collection of particles. In view of 


(2), this term is present now. This term is: 






^ + ruru 




_ / du>^ I -pM 
\ dx^ ' 


U‘' = 


“ ds^ 

using (2). So, the last term in (3) becomes 

.2 




iw 




^ ^55 


where stands for the covariant derivative, Dfj,{dp-^ 

Thus the Kaluza scalar corrected Raychaudhuri equation is 


= f) f) — 1 - 


KAO. 


( 4 ) 

1 ■ 
G 55 • 


0 = 


02 
' 4 


- 2^2 + 2 a ;2 _ 


47rG' 


(pc^ + 3p)-^g^^Dp{dp—). (5) 


^ <^-55 

This equation was obtained by the author in [28] and the presence of the last 
term was shown to induce expansion. When compared with the quantum 
corrected Raychaudhuri equation of Das [17], we see that the role of the 
quantum correction ^h°‘^R.a;b of [17] (the other correction term in [17] has 


been set to zero in [17]) is played by —^g^^Dp{dp-^), which is classical i 


m 


origin. Further, usually the h terms in general will be much smaller compared 
to ^ or RpyU^u'^ which are classical. The quantum correction will be small, 
though crucial. In our case, the scalar correction term is classical and so 
robust as it is comparable to the remaining terms. It is known that vorticity 
uj induces expansion while the shear a induces contraction in the geodesics. 


The acceleration term ~^9^^Dfii9p-^) can possibly induce expansion if 
this term turns out to be positive. We examine this for a ’static spherically 
symmetric’ ansatz for the 5 - dimensional metric 

((is)2 = e^c2((it)2 — e'^((ir)2 — r2{((i0)2 + sin26*((i^)2} — ■i/;(r)((ix^)2, (6) 

where are functions of r only and xjj{r) = G' 55 (r). g{r),u{r) and 'ijj{r) 
are unknown functions of r to be determined by the 5 - dimensional Einstein 
equations, Rab = 0, A, B = 0, 1,2, 3, 5. 


For the metric in (6), Ru, Rrr, Ree, R<j><j>^ -^55 evaluated and Rab = 0 is 
solved for g{r), i/{r) and '^(r). Though this calculation is direct, it is involved. 
The details are given in [28]. We give three solutions for illustration. 
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Solution.!: 


ipir) 




( 7 ) 


where b, C are real constants and b > 0 (as 6 < 0 implies sign change in 
the metric (6) for the last term). For this solution, the last term in the 
Raychaudhuri equation (5) is found to be 


^ (-^55 


2br V r / 


( 8 ) 


For C > 0, the right side is positive. For (7 < 0, we have from (7) e'^ = 
(i “ ■^) must be positive. Therefore r > Setting r = 

with /3 > 1, the right side of (8) becomes ^(2 — ^). Since /9 > 1, this is 
clearly positive. Thus, the effect of the scalar in 5 - dimensional gravity for 
the solution (7), on the Raychaudhuri equation, is to induce expansion. 


Solution. 2: 


'ip{r) 

e^ = constant 



where 6 is a real constant. For this solution, it is found that 


55 


4r2(r + b) 


2 ’ 


which is positive, thereby inducing expansion. 


( 9 ) 


( 10 ) 


We have examined another static and spherically symmetric solution for 
5 - dimensional gravity theory by Chatterjee [29] and found that for this solu¬ 
tion — is positive [28]. Solutions 1 and 2 have 'ip{r) becoming 

singular in r —)■ 0 limit. We give third solution with non-singular -(/^(r). 
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Solution. 3: 


xj){r) 


e 


V 


H{r) 


——; 6 > 0; C>0, 
r + C 

5r(r + C) 

(2r2 + 7Cr + 8^2) ’ 

\r + Cf{2r^ + 7Cr + 8C^)l' 


VTs arctan 


I \/l5C ) ' 


( 11 ) 


For this solution, the last term in the Raychaudhuri equation (5) is found 
to be 

1 3a^ (4r= + 9Cr + 6C2) 

2® “'"Css' 46 5r(r + Cy 

Since 6 > 0; C* > 0, this term is positive. Thus, the effect of the scalar in 5 - 
dimensional gravity for the solution (11), on the Raychaudhuri equation, is 
to induce expansion. Other solutions in (7), (9) were also found to be positive 
and hence induce expansion. The solution in (11) is non - singular for 'ip{r). 

In summary, we have shown that the term due to Kaluza scalar in the 
Raychaudhuri equation is positive for three different solutions. Now, consider 
a case of hyper surfaces orthogonal to geodesics (a; = 0), so that (5) is 

0 = + ^P) - (13) 

4 C Z (jr55 

In the absence of the last term, the geodesics focus to a converging point in 
time pointing the existence of big bang singularity. With the presence of the 
last term whose contribution is found to be positive, the focusing is inhibited 
and could cause a non - focusing of geodesics. This could possibly avoid the 
big bang singularity. This is examined in the next Section. 



3. Cosmological Implications 
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We now examine the 5 - dimensional gravity for Friedmann equation 
satisfied by the scale factor R{t) in the 4 - dimensional Friedmann - Robertson 
- Walker metric. This can be obtained from the Raychaudhuri equation (13) 

by replacing 0 by as in [17, 30]. Then 


4R(t) 4:R{tf 
R{t) ~ R^{t) ’ 


(14) 


and (13) upon setting a = 0, becomes 


m 

mt) 


4n-G 

4c^ 


{pc^ + 3p) - d, 


G. 


55 


In terms of H, 

R(t) ’ R(t) R'^^t) R(t) 


we get 


H 


-H^ - 


AttG 

4c"^ 


(pc^ + 3p) - d, 


G 


55 


(15) 


(16) 


( 17 ) 


Following [17], we consider one species of fluid (collection of particles) with 
p = wp and set 8nG = c = 1 system of units. Then, 


H = - 5P(1 + S'") - (flp^) ■ 


(18) 


We consider FRW flat metric A: = 0 for simplicity. The Friedmann equa¬ 
tion gives p = 377^ and so (18) becomes 

H = + - = F(H). (19) 

If the contribution from the scalar G 55 is neglected, then 77 = —-^(11 -|- 9w) 
and the age of the universe is 


T 



l-Hp (IH 

Ho IT 


^ fJ- 

(11 -|- 9w) \Hp 



( 20 ) 



showing finite T. The big bang singularity is not avoided. 


If the contribution from the scalar G 55 is taken into account, then using 

( 19 ), 


T = 


flip dH 
I Ho F(H)^ 


where F{H) = --^(11 + 9w) — oi’der to find F{H), we 

need G^^i^r). For the sake of illustration, we take the non-singular solution 
(11) (that is 'ijj{r) = G 55 (r) = ^r^)- Using FRW metric, we find 

F(II) = -^(ll + 9n;) + ^ (22) 

8 oor 

where R in the second term of F{H) is expressed as . This expression 
is evaluated ’iteratively’. From (19) H = F{H). Neglecting the second term 
in F{H), we write H = —aH^ with a = |(11 -|- 9tc). Then, 

-2 [ Hds = -2 [ H ^ dH = -2 [ ^dH, 

J J dH Jh 

2 fH{s) dH 2 ^ H(s) 

~ / — = —m -, 

a JHp H a Hp 

= 


so that F{H) is written as 


2 / H{s)-Hp (H(s)-Hpf ^ \ 

F{H) ~ -aH^ + f3{r)e‘^\ ^24) 

where /3(r) = The correction from the scalar 6*55 changes the nature 
of F{H). If Hp is the nearest fixed point, then following the fixed point 
analysis of Awad [31], we approximate F{H) as a polynomial in H{s) — Hp. 
Then, paralleling the steps of [17] (their equation (11)), we see that T ^ 00 , 
showing a universe without a beginning. Thus, the conclusion of Section. 1, 
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of possible non - focusing of geodesics, is consistent with the absence of 
singularity or the universe without a beginning. The above considerations 
holdsgood with k = ±1 as well, except for the change in /3(r). 

In summary, we have shown that a simple 5 - dimensional gravity theory 
(motivated by brane world picture) with the Kaluza scalar G 55 (r) leads clas¬ 
sically to an inhibition of the geodesic focusing thereby avoiding big bang 
singularity (which requires focusing or converging geodesics) in Section. 1. 
The use of FRW metric consistently yields inhnite age of the universe or a 
universe without a beginning. These are in agreement with the conclusions 
of [17] and [18] which used quantum corrections. In the Raychaudhuri equa¬ 
tion, the vorticity term could also gives expansion or non - focusing of the 
geodesics. The presence of this term changes the spacetime to have torsion. 
We have presented a minimally modified higher dimensional gravity theory. 


References 


1. A.K. Raychaudhuri, Phys.Rev. 98 (1955) 1123. 

2. S.W. Hawking and G.F.R. Ellis, The Large Scale Structure of Space- 
Time, Cambridge University Press, 1973. 

3. G. Dvali, G. Gabadaze and M. Porrati, Phys.Lett. B484 (2000) 112. 

4. C. Deffayet, Phys.Lett. B502 (2001) 199. 

5. P. Brax and C. van de Bruck, Class.Quant.Gravity. 20 (2003) R201. 

6. C. Kounnas, H. Partouche and N. Toumbas, S-brane to thermal non 
singular string cosmology, hep-th/1111.5816. 

7. C. Kounnas, H. Partouche and N. Toumbas, Thermal Duality and Non 
singular Cosmology in d-dimensional superstrings, hep-th/1106.0946. 

8. G.F.R. Ellis and R. Maartens, Class.Quant.Gravity. 21 (2004) 223. 


10 



9. G.F.R. Ellis, J. Murugan and C.G. Tsagas, Glass.Quant.Gravity. 21 
(2004) 233. 

10. A. Ashtekar, T. Pawlowski and P. Singh, Phys.Rev. D74 (2006) 084003. 

11. Q. Huang, P. Wu and H. Yu, Emergent Scenario in the Einstein - 
Cartan theory, gr-qc/1504.05284. 

12. P.S. Apostopoulos, G. Siopsis and N. Tetradis, Phys.Rev.Lett. 102 
(2009) 151301. 

13. R. Maartens and K. Koyama, Liv.Rev.Relativity. 13 (2010) 5. 

14. J.E. Lidsey, Phys.Rev. D88 (2013) 103519. 

15. R.G. Gai, L-M. Gao and Y-P. Hu, Corrected Entropy-Area Relation and 
Modified Friedmann Equations, hep-th/0807.1232. 

16. G.A.S. Silva, Quantum Corrected Friedmann equations from loop quan¬ 
tum black-hole’s entropy-area relation, gr-qc/1503.00559. 

17. S. Das, Phys.Rev. D89 (2014) 084068. 

18. A.F. Ali and S. Das, Phys.Lett. B741 (2015) 276. 

19. J. V. Narlikar, An Introduction to Relativity, Gambridge University Press, 
Gambridge, UK., 2010. 

20. H.T. Flint, The Quantum Equation and the Theory of Fields, Wiley, 
NY., 1966. 

21. E. Schmutzer, Z.Phys. 149 (1957) 329; 154 (1959) 312. 

22. D. Kovacs, Gen.Rel.Gravitation, 16 (1984) 645. 

23. J. Gegensberg and G. Kunstatter, Phys.Lett. A106 (1984) 410. 

24. B. Mashhoon, H. Liu and P.J.S. Wessen, Phys.Lett. B331 (1994) 305. 

25. D. Youm, Phys.Rev. D62 (2000) 084002. 

26. P.J.S. Wessen, B. Mashhoon, H. Liu and W.N. Sajko, Phys.Lett. B456 
(1999) 34. 


11 



27. R. Parthasarathy, Causality of the Brane Universe - OPERA and ICARUS, 
hep-ph/1203.6192. 

28. R. Parthasarathy, Influence of Kaluza scalar on the Raychaudhuri Equa¬ 
tion, hep-th/1311.0103. 

29. S. Chatterjee, Astron. Astro Phys. 230 (1990) 1. 

30. A.K. Raychaudhuri, Theoretical Cosmology, Oxford, UK., 1979. 

31. A. Awad, Phys.Rev. D87 (2013) 103001. 


12 



